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Abstract 

The influence of electromagnetic vacuum fluctuations in the presence of the perfectly conducting 
plate on electrons is studied with an interference experiment. The evolution of the reduced density 
matrix of the electron is derived by the method of influence functional. We find that the plate 
boundary anisotropically modifies vacuum fluctuations that in turn affect the electron coherence. 
The path plane of the interference is chosen either parallel or normal to the plate. In the vicinity 
of the plate, we show that the coherence between electrons due to the boundary is enhanced in the 
parallel configuration, but reduced in the normal case. The presence of the second parallel plate 
is found to boost these effects. The potential relation between the amplitude change and phase 
shift of interference fringes is pointed out. The finite conductivity effect on electron coherence is 


discussed. 
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I. INTRODUCTION 


Quantum coherence entails the existence of the interference effects amongst alternative 
histories of the quantum states. These effects are nevertheless not seen at the classical 
level. The suppression of quantum coherence can be viewed as the result of the unavoidable 
coupling to the environment, and thus leads to the emergence of the classical behavior 
in terms of incoherent mixtures. This environment-induced decoherence has been studied 


with the idea of quantum open systerr^ 


DV cparse-graining the environment where certain 
Thereby, this averaged effect appears as 


statistical measures are introduced 
decoherence of the system of interest. 

In modern cosmology, many efforts have been devoted to studying how primordial pertur¬ 
bations, created quantum-mechanically during inflation in the early universe, undergo the 
processes of decoherence when their low momentum modes cross out the horizon la, l7|. 
They then reenter the horizon during the radiation- or matter-dominated stage and thus act 
as the seeds of temperature inhomogeneities in the cosmic microwave background as well 
as the matter density inhomogeneities that lead to the large-scale structure formation. In 
addition, special attention has been paid to the possible observation of decoherence effects 
in mesoscopic physics such as the phenomena of quantum tunneling, which are affected by 


the coupling with a heat bath p. Recent revival of interest in the decoherence phenomenon 
is motivated by the study of the experimental realization of quantum computers in which 
the central obstacle has proven to preventing the degradation of the quantum coherence 
from the coupling of the computer to the environment Understanding of the aforemen¬ 
tioned problems relies on the deeper exploration of the decoherence dynamics driven by the 
environment. 

The quantum decoherence due to the interaction with the environment has been discussed 
by considering the interference of the electron states coupled to quantum electromagnetic 


helds in vacuum |2l, llO]. It has been shown that the electron interference pattern may be 
altered by particle creation and vacuum fluctuations of electromagnetic helds, and the change 
might be observed through the phase shift and the contrast change. However, imposition 
of the boundary conditions on quantum helds may result in the modihcation of vacuum 
huctuations. The best-known example is the attractive Casimir force between two parallel 
conducting plates This Casimir ehect remains one of the least intuitive consequences 
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of quantum field theory |l3ll3|,ll^. Therefore, we expect that the presence of the boundary 
may further influence the electron interference and gives rise to observable effects. This type 
of the interference experiment can serve as a probe to understanding the nature of quantum 


fluctuations 

Here we study the decoherence dynamics of the electron coupled to quantum electromag¬ 
netic helds in the presence of the perfectly conducting plate. We employ the closed-tirne-path 
formalism to explore the evolution of the density matrix of the electron and helds [l^- In 


recent years, this nonequilibrium formalism has been applied in particle physics and cosmol¬ 


ogy by one of us The reduced density matrix of the electron can then be derived with 
the method of inhuence functional, which takes account of backreaction. We assume that 
the electron is initially in a coherent superposition of two quantum states with their mean 
trajectory along the distinct paths. Then the interference fringes can be observed when these 
states are recombined. The phase shift and amplitude reduction of the electron interference 
influenced by quantum helds are obtained from the inhuence functional. The leading ehect 
of the decoherence functional comes from the contribution evaluated along the prescribed 
electron’s classical traiectory dehned by an applied potential. The validity of the approxi¬ 
mation will be discussed j9|,ll7|. Note that this coherence reduction is given by the double 
surface integrals of the held strength correlation function dehned in Minkowski spacetime 
as we will see later. In this sense, it shares similar features with the known Aharonov-Bohm 
ehect where the phase shift of the electron interference in the presence of the classical static 
magnetic held depends on the magnetic hux in the region from which the electron is ab¬ 
sent. Here we instead consider the ehects on the interference from non-stationary quantum 


Q. 


electromagnetic helds 

Our presentation is organized as follows. In Sec. HH we introduce the closed-time-path 
formalism for describing the evolution of the density matrix of a nonrelativistic electron 
interacting with quantum electromagnetic helds. We then employ the method of inhuence 
functional by tracing out the helds in the Coulomb gauge in which we hnd the evolution 
of the reduced density matrix for the electron with self-consistent backreaction. The ehect 
of decoherence can be realized by constructing the decoherence functional from the inhu¬ 
ence functional under the classical approximation in Sec. IHII In Sec. IIVI we evaluate this 
decoherence functional for quantum electromagnetic helds in the presence of the perfectly 
conducting plate and study how coherence reduction of the electrons is ahected by the mod- 
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ified vacuum fluctuations due to the boundary. The hnite conductivity effect on electron 
coherence is discussed in Sec. El The results are summarized in Sec. EH In addition, in 
App.El the nature of the gauge invariance in the decoherence functional is considered by 
explicitly computing it with an alternative gauge hxing. In App. El we outline the method 
to convert a summation, which turns out to be slowly convergent, into a rapidly convergent 
form. 

The Lorentz-Heaviside units with h = c = 1 will be adopted unless otherwise noted. The 
metric is = diag(l, —1, —1, —1). 


II. INFLUENCE FUNCTIONAL APPROACH 


We consider the dynamics of a nonrelativistic electron interacting with quantum electro¬ 
magnetic helds in the presence of the conducting plate. In the Coulomb gauge, the electric 
and magnetic helds can be expressed in terms of the vector potentials as: 

E = — VAq — At , B = V X Ax , (1) 

where Ax is the transverse component of the potential satisfying the gauge condition, V ■ 
Ax = 0. The time-component of the potential Aq is not a dynamical held, but can be 
determined by the Gauss law with the instantaneous Coulomb Green’s function, which can 
be dehned by V^G(x, y) = — (5^(x — y) subject to the boundary conditions. The charge and 
current densities for a nonrelativistic electron may take the form 

p(a;;q(t)) = e5^(x-q(t)), jx(a;; q(t)) = e q(t) (5^(x - q(t)), (2) 


with a coupling constant e. The current jx satishes the transverse condition V • jx = 0. The 
Lagrangian of the electron-held system is then given by the transverse components of the 
vector potential as well as the coordinates q of the non-relativistic electron. 


L[q, Ax] = ^mq2-U(q)-^ j£x£y p(x; q)G(x, y)p(|/; q )+JS 


X 


:(5/iAx)^ -|- jx ■ A^ 


(3) 


where an external potential V is introduced so as to constrain the motion of the electron to 
the prescribed path, and the Coulomb electrostatic energy term is dehned in the presence 
of the boundary 


ath, i 

0 . 
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The effect of electromagnetic fields on the electron interference can be realized by the 
diagonal elements of the reduced density matrix which is obtained by tracing out elec¬ 
tromagnetic fields in the density matrix of the electron and fields. Let us consider that the 
initial density matrix at time ti can be factorized as 

piU) = pe{ti) pATi^i) , ( 4 ) 

and that initially the helds are assumed in thermal equilibrium at temperature, with 
the density matrix pat(L) given by 

PA^iti) = , (5) 

where i^Ax is the Hamiltonian for the free electromagnetic fields, constructed from Eq. Q. 
Then the zero-temperature limit corresponding to the initial vacuum state of the helds can 
be reached by taking /? —»• cx) limit. The electron-held system evolves unitarily according to 


p(tf) = U(tf,ti)piti)U 


( 6 ) 


with U{tf,ti) the time evolution operator. Thereafter, the hnal state of the electron-held 
system in general becomes entangled due to the interaction between them. The interaction 
between the electron and helds will be assumed to be adiabatically switched on in the remote 
past with ti —>■ —oo, and then switched oh in the remote future with t/ —> C) 0 . We then 
employ the closed-time-path formalism to describe the evolution of the density matrix of the 
electron-held. The reduced density matrix of the electron, by tracing out the helds, becomes 


Pr(q/,q/,^/) - y (q/, AT|p(t/)|q/, At) 

= JdAT j dqi dAiT J dq2 dA2T (q, AT|f/(t/, tj) |qi. Ait) 

X (qi) AiT|p(ti) |q2, A2,T)(q2, A2 t|^ ^(t/, ti) |q. At) 


dqi dq2 J dA^ dAiT dA2T 

/•Ait 


'“if 


Vq^ 


f-q/ 


r* At 


p At 


Vq 


VA^n 


VAn 


'qi 


'q2 


' A2T 


X 


VA^ exp 


-q 


X exp 


dt L[q’^, A;^] — L[q , A,p] 

(•ti-iff 


dt Lq [A: 


Pe(qi,q2,L) • 


( 7 ) 


Here we have introduced an identity in terms of a complete set of eigenstates, |q. At), 


jd^qdAT |q, AT)(q, At| = 1 , 


( 8 ) 
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with |q, At) given by the direct product of the states of the electron and those of electro¬ 
magnetic fields, namely, |q. Ax) = |q) <8) |At)- This identity has been inserted into the 
integrand so that the matrix element of the time evolution operator can be expressed by the 
path integral along either the forward or backward time evolution, represented by q”^, A^, 
and q“, A:^, respectively. The density matrix for the thermal state of helds corresponds to 
the evolution operator of the helds A^ along a path parallel to the imaginary axis of complex 
time, and the time arguments of the held operators are limited to the range between the 
complex time and ti — if3. Thus, the Green’s functions of the vector potentials possess the 
periodicity as the result of the cyclic property of the trace as well as the bosonic nature of 
the held operators. 

Since the electron interacts with helds via a linear coupling, the helds can be traced out 
exactly. Thus, we obtain the inhuence functional for the electron by taking full account of 
the backreaction. The physics becomes more transparent when we write the evolution of 
the reduced density matrix in the following form 


Pr(q/,q/,«/) = / <*’qi‘i®q 2 J(q/,q/,i/iqi,q 2 ,«i) A(qi,q 2 ,«i), 


(9) 


where the propagating function JT”(q/, q/, t/; qi, q 2 Gi) is 

/■q/ rh/ r /■*/ 

J^'(q/,q/G/;qi,q 2 Gi) = / T)q+/ T>q~ exp U / dt (Le[q+] - Le[q“]) 

dqi Jq2 L Jti 


Jt] ) 


and the electron Lagrangian Te[q] is given by 


Q 


1 If 

Le [q] = - i^(q) - 2 / y) • 

Here we introduce the inhuence functional d^[jx 5 Jt]; 


( 10 ) 


( 11 ) 


= exp<--e^ / d^x / d V q+(t)) (A+*(a:)A+^(a:')) q {t')) 


-j^i(a;;q’^(t)) (A+*(a;)AT^(a;'))jTj(a;';q (T)) 

-j^i(a;;q"(^)) (AT*(a:)A+^(a;'))j^^-(a;';q+(t')) 

+ j^i(a;;q“(^)) (AT*(a:)AT^(a;'))j^j(a;';q"(T)) (12) 


which contains full information about the inhuence of quantum electromagnetic helds on 
the electron, and is a highly nonlocal object. The Green’s functions of the vector potential 
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are defined by 


(A;^*(a;)A:^'^(a;')) = (AT*(a;)AT'^(a;')) 6{t - t') + (AT-^(a;')AT*(a^)) 0{t' - t ), 
(AT*(a;)A;^'^(x')) = (AT-^(a:')AT*(a^)) - t') + {^T{x)A'i^{x'))0{t' - t), 

(A+*(a:)A”^(a:')) = (At^(x') AT*(a^)) = Tr {pat AT^(a^')AT*( 2 :)} , 
(AT*(a:)A;{;^(a:')) = (AT*(a:)AT^(a:')) = Tr {pat AT*(a:)AT^(x')} , (13) 


and can be explicitly constructed as long as electromagnetic fields are quantized subject to 
the boundary conditions. The retarded Green’s function and Hadamard function of vector 
potentials are dehned respectively by 


G"l{x-x') = ie{t-t') {[At\x),At:^{x')]) , (14) 

Gpx-x') = i({AT‘(x),AT^M}>. (15) 

Here the influence functional can be expressed in a more compact form in terms of its phase 
and modulus by: 

•^[JtGt] = exp|>V[j^,jT] +^*^[jTGT]} 1 ( 16 ) 

where 


^3t,3t] = -e'^j d*xj d^x' j^i(a;; q+) - jTi(x; q ) G"^{x - x') j^j(a;'; q+) + jTj(x'; q ) 

j^i(x; q+) - jTi(x; q“) G"^{x - x') j^^(a;'; q+) - jTj(a;'; q^) 

(17) 

For a given initial state for the electron, the reduced density matrix for the electron at time 
tf can be obtained from Eq. © when the path integration over q^ in Eq. m is carried 
out. Explicitly written out, the reduced density operator now becomes 


Pr(q/,q/,t/) = d 


qid^q2 [ [ ^^q expji / dt (Ljq+j - Le[q ]) 

.dqi Jq2 f d U 


X exp i >V[q+,q“ '] > exp< i <F[q’'', q 


Pe(qi,q2,ti) • (18) 


Let us now consider the initial electron state vector |\['(fj)) to be a coherent superposition 
of two localized states along worldlines Ci and C 2 , respectively, after they leave the beam 
splitter at the moment t*, 

l'h(ti)) = |'0i(ti)> + |^2(ti)). (19) 
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The density matrix of the electron state is then given by 


= + P22{ti) + P2l{ti) + Pl2{ti) i 


(20) 

( 21 ) 


where PmuiU) = \^m{U)){^n{U)\- The terms p 2 i + P 12 acconnt for qnantnm interference, 
becanse when the density matrix is realized in the coordinate basis, we have 



which expresses the probability of finding an electron at (ti,qi) in the snperposed state. 
Therefore, at time tf, when the electron states are recombined at the location qj, the electron 


interference pattern can be described by the diagonal elements of the rednced density matrix 


(q/lPr(t/)|q/> = Pr{qf,qf,tf). 

III. DECOHERENCE FUNCTIONAL IN THE CLASSICAL APPROXIMATION 

The expression m of the rednced density matrix at time tf acconnts for the fnll qnantnm 
effects of the electron, bnt the corresponding path integral can not be carried ont withont 
invoking fnrther approximation In general, the interaction with qnantnm electromag¬ 
netic helds is expected to pertnrb the electron’s trajectory in a stochastic way abont its 
mean valne, and to canse the electron wavefnnction to spread Q . It also flnctnates the 
phase of the wavefnnction snch that the phase coherence between electrons is lost. 

Now considering the electron as a well-dehned wave packet, its mean trajectory follows 
the classical path constrained by an appropriate external potential l^(q). The effect of 
the Conlomb electrostatic attraction dne to presence of the bonndary is nsnally small in 
the typical experiment conhgnration P|, and then its inflnence on the trajectory can be 
ignored. In addition, the backreaction from qnantnm field flnctuations, which is of the order 
of the weak conpling e^/dvr in the inflnence fnnctional also has the ignorable correction to 
the classical paths as expected. Fnrthermore, the hnite spread of the wave packet of the 
electron state, dne to nncertainties on both position and momentnm, can be legitimately 
neglected as long as the electron’s de Broglie wavelength, Ads is mnch shorter than the 
characteristic length scale associated with the accnracy of the measnrement 1. Thns, as long 
as I S> AdB, the wave packet can be viewed as it is sharply peaked in the electron’s position 
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and momentum, and thus its quantum effects can be ignored P| . As such, the leading effect 
of the decoherence can be obtained by evaluating the propagating function (HDD along a 
prescribed classical path of the electrons. Thereby, the diagonal components of the reduced 
density matrix Pr-(q/, iiow becomes 

(23) 

where the W and $ functionals are evaluated along the classical trajectories, Ci and € 2 - 
jrj) is the classical current along the respective paths. The evolution of the electron states 
-01^2(q/,V) is governed by the Lagrangian Lg in Eq. (fTT|) due to the ignorable backreaction 
effects. 

The exponent of the modulus of the influence functional W, determined by the Hadamard 
function of vector potentials, reveals decoherence between coherent electrons, while its phase 
functional <h, related to the retarded Green’s function, results in an overall phase shift for 
the electron interference pattern. Both effects arise from the interaction with quantum 
fields. The decoherence functional can be obtained from the expectation value of the anti¬ 
commutator of the vector potentials. However, in the semiclassical Langevin equation to 
describe the stochastic dynamics of the particle coupled to quantum fields, the Hadamard 
function also determines the noise correlation function from quantum field fluctuations which 
cause the stochastic behavior of the particle’s trajectory |l9|. Thus, we can conclude that 
coherence reduction of the electrons is driven by field fluctuations. On the other hand, 
the phase functional, which is related to the retarded Green’s function for the commutator 
of vector potentials, link to the backreaction dissipation in the Langevin equation on the 
dynamics of the particle . Thus, the phase shift may result from the backreaction dissi¬ 
pation from quantum fields through particle creation that influences the mean trajectory of 
the electrons. These two effects in the Langevin equation obey the underlying fluctuation- 
dissipation theorem. In this aspect, the effects of quantum decoherence and the phase shift 
are also likely related by the fluctuation-dissipation theorem. However, very little work has 
been done to establish this relation. It will be investigated in our future work. Here we 
only concentrate on the effect of quantum decoherence induced by vacuum fluctuations of 
electromagnetic fields. 

In the classical approximation, with the help of Eqs. m and the decoherence factor. 
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the W functional, can be expressed as 


>V = -- 


dxj (p dx'j^ {x, x ), 


(24) 


where x, x' G C = Ci — ^2 and j,k = 1,2,3. The curves C' 1^2 are the projection of the 
worldlines Ci ^2 onto the hypersurface normal to the time axis in Minkowski spacetime. Then, 
it is a straightforward calculation to re-write the W functional in terms of the helds E and 
B in a manifestly gauge invariant way. 


W=-- j I 


(25) 

Ic Jc 

Apparently, the decoherence factor involves double surface integrals of the expectation value 
of the anticommutator between the held strength as the area element da^'^ of the integral 
is bounded by a closed worldline of the electron C in Minkowski spacetime. The closed 
worldline C = Ci — C2 can be thought of as moving electron along its path Ci in the forward 
time direction and then along the path C 2 in the backward time direction. By means of the 
4-dimensional Stokes’ theorem, we can write the W functional (j2ni) as 

' G^h x '), (26) 

/c JC 

which involves the Hadumard function of the covariant vector potentials. It is consistent 
with the result in Ref. 




■ J 


Note that although the expectation value of the vector potential {A'^{x)) in the electro¬ 
magnetic vacuum state vanishes even in the presence of the boundary, the fluctuations of 
helds are non-zero in general. The decoherence effect in Eq. emerges as the result of 
the double surface integrals of the non-vanishing held correlations in Minkowski spacetime. 
Thus the decoherence is found sensitive to the held strength in the region where the electron 
is excluded. In this aspect, it may be regarded as the generalization to the Aharonov-Bohm 
ehect with time-independent classical electromagnetic helds. In contrast, in our case, the 
decoherence ehect is essentially driven by the non-static features of quantum helds. 

IV. EVALUATION OF THE W FUNCTIONAL 

A. unbounded space 


As for illustration, let us start by considering the Wq functional for the unbounded 
space where electromagnetic helds are initially in the vacuum state The trajectory 
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of the electrons can be dictated by an external potential along the prescribed paths. The 
velocity of the electron in the x direction Vx is assumed to be constant, while the motion in 
the z direction varies with time. Thus, the respective worldlines of electrons are given by 
Cl ,2 = (C 0, ±C(t))- The path function ^(t) is required to be sufficiently smooth to avoid 
enormous photon production from the kinked corners and it may take the form, 

at) = Re-^, (27) 


where 2R is the effective path separation and 2T is the effective flight time. The vector 
potential can be expressed by the creation and annihilation operators as: 

d^k 1 


At(x) = 


eA(k)aA(k) 


,2k-X —ZLjt 


+ H.C. 


(28) 


. (27r)2 2 

with 00 = |k|. The polarization unit vectors obey the transversality condition given by. 


^ei(k)£i(k)=i« 

A=l,2 


(29) 


Since the W functional in Eq. (EHl) reveals manifest Lorentz invariance, it proves more 
convenient to boost to a frame © moving with the velocity u = (1, Vx, 0, 0) at i/ = z = 0, in 
which the electrons are seen to have transverse motion in the 2 ; direction only. Then, the 
Wo functional (121 can be obtained by a straightforward calculation of the ^- 2 ; component 
of the vector potential Hadamard function with the help of the mode expansion (I2HD, and 
reduces to 

/ d^k 1 r ^ 

jdt C cos , (30) 

where ( = d(/dt. We further simplify the calculation by applying the dipole approximation, 
cos{kzC) — 1, consistent with the non-relativistic limit. By using the path function (ITTjl . 
the decoherence functional Wq ends up with 


Wo ~ 


-2e^ 

^2 


d^k 1 
(27r)3^ 


1 




2e2 722 / 1 

“ V 


dkz 


00^ 

roo 

\kz\ 


dt ( e 


iujt 


doj (o;^ — kf) e 2 




(31) 


which is hnite without the ultraviolet divergence. The absence of the potential ultraviolet 
divergence can be seen from the corresponding Fourier transform of the path function 
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where the contribution from the high frequency modes with lo > 0{1/T) is exponentially 
suppressed. The result free of ultraviolet divergence is quite general for the smooth path 
function with the hnite flight time. 

In the nonrelativistic limit, since the transverse component of the electron velocity is 
about 10“^c in a typical interference experiment, the decoherence factor Wq, proportional 
to will be of the order of 10“® to 10“®. Therefore, it is hardly to detect the loss of the 
interference contrast due to vacuum fluctuations of quantum helds in this unbounded case. 


B. presence of the single plate 


Now we consider the decoherence effect between the coherent electrons under the influence 
of quantum electromagnetic helds in the bounded region. In the presence of the perfectly 
conducting plate, the tangential component of the electric held E as well as the normal 
component of the magnetic held B on the plate surface vanish. When the plate is placed at 
the z = 0 plane, the boundary conditions of the helds E and B on the plate give rise to 


Aq = 0 , and = Ay = 0 , 


(32) 


which lead to 

as the result o 
is given by |l3j |. 

AtIo:) = 


dA^ 

dz 


= 0 


(33) 


the Coulomb gauge. The transverse vector potential Ax in the z > 0 region 


■d^ki. 


dk^ 


I 


271 Jq (27r)h2 y/^\ 

'k 


a2(k) 


i kii 


ai(k) k|| X z sin kzZ 
fcii 


sin kzZ — z 


UJ 


cos kzZ 


...ikii -xii —iujt 


+ H.C.,(34) 


where the circumhex identihes unit vectors. The position vector x is denoted by x = (x|[, z) 
where xy is the components parallel to the plate. Similarly, the wave vector is expressed 
by k = (k||,fc, 2 ) with o;^ = fcy + k^. The creation and annihilation operators obey the 
commutation relations 


[a^(k), 4,(k')] = dxy 5(k|j - k\)d{k^ - k'^) , (35) 

and otherwise are zero. 
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FIG. 1: Two different orientations of the electron path plane relative to the conducting plate. 


The path plane on which the electrons travel can be either parallel or perpendicular to 
the plate. When the path plane is normal to the conducting plate as shown in Fig. 
the electron worldlines are given by Ci ^2 = (i,0, Zq ± C(^))- We will choose a frame & 
which moves along the worldline (t, Vxt, 0 , zo) and has the same orientation as the laboratory 
frame. In this frame, the electrons are seen to have sideways motion in the 2 ; direction only. 
Then the functional depends on the z-z component of the vector potential Hadamard 
function, which is given by 

Gif{x,x') = - [ 7 —1 coscosfcx;^'^ + C.C.. (36) 

^ 2j {2'Kf2uj \ujJ ^ ^ 


Thus, the decoherence functional W± can be obtained as: 

>V_L =- ( [ dz f dz' + f dz f dz' — f dz f dz' — f dz f dz'\ G^^{x,x') 

2 \Jci Jci Jc2 Jc2 Jci Jc2 JC 2 JCi J 

r ■ r d^k 1 f 

= JdtCdt'Cj ^y~J |cosfc^(2:o + C) cosfc2(2;o + CO 

+ cos kz{zQ — C) coskz{zo — (') + coskz{zo — () cos kz{zo + CO 
+ cos kz{zo + C) cos kz{zo — <(■') + C.C. 


= - 2 e" 


■ d^k 1 

(27r)3 ^ 




1 + e 


i 2 kzZo 


dt C COS kzC e 


— iiOt 


(37) 
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Then, under the dipole approximation, we arrive at: 


Wx = Wo U + 


32^3 


-4^ + (1 + 4^^) Er£(v^O 


(38) 


with the path function given by Eq. (EH). Here the corrections to the decoherence functional 
due to the presence of the conducting plate is expressed in terms of the ratio of the effective 
distance of the electrons to the plate over the parameter T, i.e., ^ = Zq/T. The imaginary 
error function Erfi( 2 ;) is defined by 

2 


Erfi(z) = —iErf(zz) = 

Asymptotically, the ratio W_l/ |Wo| is given by 


ds e® 


TT 


(39) 


Wj_ 

|Wo 


- 2 + le+oi^) 




= 


(40) 


+ ? 


oo. 


As shown in Fig. |2l the effects of coherence reduction by vacuum fluctuations in the pres¬ 
ence of the boundary are strikingly deviated from that without the boundary. It can be 
understood by the fact that the presence of the perfectly conducting plate modihes zero- 
point fluctuations of the helds which manifest themselves so as to influence the dynamics of 
decoherence in the electron interference. 

In particular, when the path plane lies normal to the plate, we hnd that the modihed 
vacuum fluctuations due to the boundary further reduce the electron coherence, then in 
turn suppress the contrast of the interference fringes for all values of It is found that for 


small Wj_ ^ 2 Wo 


Q 


To understand this, here we provide an explanation in contrast to 


we prc 

f. Ilj. 


the fictitious dipole interpretation suggested by Ref. [li|. Let us note that, in the reference 
frame G, the relevant component of the electromagnetic helds in this case is the held, 
which is perpendicular to the conducting plate. The ehect of the neutral conducting plate 
can be achieved by placing an image charge at the location symmetrical to the original 
charge with respect to the plate. The image charge shall carry the opposite sign to the real 
one as required by the boundary conditions. As such, the held produced by the image 
charge is almost the same as that by the original one so as to make the total E^ held near 


the surface twice that in the unbounded case. Thus, the decoherence ehect is doubled 


y 


However, when the ratio ^ increases, the suppression of electron coherence is alleviated as 
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FIG. 2: The decoherence functional W for the single-plate boundary as a function of the ratio 
e = zo/T. 


expected and finally reduces to the result without the boundary in the limit ^ cx). Also 
note that the ratio ^ can not inhnitesimally go to zero because zq has to be larger than R 
to constrain the electrons on one side of the plate. 

On the other hand, when the path plane lies parallel to the conducting plate, here the 
electron worldlines are given by Ci _2 = (i, Zq)- The same reference frame & is 

chosen so that the electrons are seen to move in the y direction. Then, the y-y component 
of the vector potential Hadamard function becomes relevant to the W|| and it is given by, 

x') = ^ J ^2 ^ 3 ^ |sin^ T + % cos^ x| sinkzZ sin kzz' ^ 

(41) 

where y is the angle between y and kn. We then obtain the decoherence functional Wii, 


>Vii = -e^ ( / dy I dy' 

I Cl Jci 


dy dy'] G^j^{x,x') 

'Cl JC 2 


= -2e" 


d^k 1 


iGi 


1 - e 


i2kzZo 


dt ( COS kzC e 


— iiOt 


j (27r)3 2cu [ cu2 

Following the same approximation to obtain Eq. ()d8j) . the W|| now is given by 

3 


(42) 


Wii = Wo n 


64^3 


4^ (1 + 4^2) - (1 + 16^^) Er£(y20 


(43) 
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and asymptotically W\\/ |>Vo| is obtained as 


W|| 

Wo 


5 35 




^ ^ CX) . 


( 44 ) 


In contrast to the perpendicular case, near the plate surface where ^ -C 1, the electron 
coherence is enhanced. The loss of coherence originally due to vacuum fluctuations in the 
unbounded space is almost completely compensated by the induced fluctuations due to the 
boundary, especially in the limit of > 0. For small we hnd that W|| ~ 0. Apparently, 
in the reference frame ©, the E^, component, which is parallel to the plate, is crucial. As 
required by the boundary conditions, the presence of the image charge renders the Ej^ held 
almost zero near the plate surface, leading to the vanishing held huctuations. Thus, it is not 
so surprising that the electron coherence is restored near the plate surface. However, when 
the ratio ^ is much greater than unity, we expect that the orientation of the path plane 
becomes irrelevant. The inhuence of the boundary on electron coherence is negligible. The 
decoherence ehect reduces to the result in the perpendicular conhguration, and then to that 
in the unbounded case in the limit ^ —*• oo. We can see from Fig. El that the presence of the 
boundary makes the electrons more coherent for small but less coherent for large ^ in the 
parallel conhguration. 

The presence of the conducting plate anisotropically modihes the electromagnetic vacuum 
huctuations that in turn inhuence the dynamics of the electrons coupled to the helds. In 
Ref. j^, the authors investigate the Brownian motion of the test particle coupled to quan¬ 
tized electromagnetic helds. An anisotropical modihcation in the mean squared huctuations 
of the velocity near the conducting plate is found. Since the mean squared huctuations 
of the velocity rehect vacuum huctuations of helds, it is concluded that close to the plate, 
the electromagnetic vacuum huctuations are suppressed in the direction transverse to the 
plate, compared to the unbounded case, while huctuations are enhanced in the longitudinal 
direction. This is consistent with our results. 
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C. presence of the double plates 


In the presence of double plates, we place the second plate at z = a, in addition to the 
one at z = 0. Thus, the transverse vector potential At for the bounded region between the 


z = 0 and z = a planes can be expressed by 

n =0 

+ a 2 (k||,n 


li 


d%\ 1 / . . rni 

-; - < ailkii, n) k|| x z sin —z 

y/2ujn 1 a 


mr \ riTT f ^\\\ 

i k|| I - sin —X — z — cos — 2 ; 

J ^ \^n J ^ 


_,2k|| -Xii —iuJnt 


+ H.C.. (45) 


The double prime on ^ assigns an extra normalization factor l/\/2 to the n = 0 mode. 
The discrete frequencies ujn of the allowed modes for the double-plate boundary are 


2 ,2 fn'K\‘^ 

Moreover, the creation and annihilation operators obey the commutation relations 

[o (k||,7i),opkJ|,n')] = iAi'inn'i(k|| -kji), 


(46) 


(47) 


and otherwise vanish. 

As in the single plate case, we consider that the path plane lies either parallel or perpen¬ 
dicular to the plates. In the perpendicular case, we assume that the electrons move along 
their worldlines, described by Ci ^2 = | ± C(^)), where the path function C, is given 

by Eq. As before, we choose the frame © with zq = a/2, in which the electrons are 

observed to move in the 2 direction. Thereby, the relevant component of the vector potential 
Hadamard function is the z-z component. 


G^^{x,x') = 


^ 00 


d^kii 


n 


2a ^ J (27iy2uj. 

n=—oo ^ ' 

Thus, the decoherence functional VV_l now becomes 
2 e2 V- rd^k. 1 


\ 2 

cos—^ cos—X e II ^ II 11 ^ ^ ^-|-C.C.. (48) 

J a a 


Wi = — 


E 


n=even 


1 - 


n^TT^ 


(27r)2 2uJn [ 

Then, by applying the dipole approximation, it reduces to 


,4 niT 
at Q cos —C e 
a 


- ILUri iy 


(49) 


W: ~ — 


2 Ta 


E 


\n\ 


,e-^-^^^ + ^/|(l-nV)Erfc(^) 


(50) 
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with = 2nT/a. The complementary error function, Erfc( 2 ;), is defined as 

2 


Erfc( 2 ;) = 1 — Erf(^) = 


ds e~ 


TT 


( 51 ) 


Let us now consider the limit 3> 1, that is, a <^T, where the plate separation is much 
smaller than the flight time. In this limit, the decoherence functional (H) is dominated by 
the n = 0 term with Erfc(O) = 1, while the n ^ 0 terms are exponentially suppressed due 
to large Hence, the functional can be approximated by 


.A, 

2 T a 


TT 2 / a 
2 ^ ^ VT 


—27r 


2 


+ 


(52) 


It can be seen that the result is very small for R < a T. However, compared with the 
unbounded case, the ratio >V_l/ |>Vo| is 


]m\ 


37r2 T 

- < - 1 , 


4a/2 a 


(53) 


thus more signihcantly degrading electron coherence. Nonetheless, the ratio a/T can not 
indehnitely go to zero, and is bounded by 2R/T from below since the plate separation can 
not be smaller than the path separation. 

As the ratio a/T becomes much greater than unity, the value of the decoherence functional 
reduces to the unbounded case. To see it, we convert Eq. (Hi to a form suited for this limit 
with the method outlined in App. El The functional now takes the form 


.A, e2 

>V± =-<-h4> 

2 Ta\‘^r 


3<^ 


n=l 


? 1 


+ 


2tt‘^- n? (27r)5n^ 




2 MHL 


Er£(y2^) 




~ —e 


T a I 3<^ 27r^ ^ 

n=l 


47r^_ 
for -C 1. 


(54) 


Here the last line is obtained by Taylor-expanding the terms in the square bracket. Thus, 
we have, in the limit a ^ T, 


2^4 ^2 

~ Wo 1 + 6 ^ e~^ + • • 


(55) 

The hrst term is the contribution to the decoherence effect from vacuum fluctuations without 
the boundary, while the second term, although exponentially small, is the correction due to 
the presence of the double plates. 

In Fig. El the ratio of the W_l functional over the absolute value of Wq is plotted for a 
very wide range of a/T. It is shown that vacuum fluctuations arising from the presence of 
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FIG. 3: The decoherence functional W for the double-plate boundary as a function of the ratio 
a/T. 


the plates always degrades electron coherence for the perpendicular case as expected from 
the single plate case. In addition, introducing the second plate seems to boost fluctuations 
so as to further reduce the electron coherence signihcantly in the limit of a/T 1, where 
the effect of the boundary becomes important. 

In the parallel case, the electron worldlines are given by Ci ^2 = and the 

same reference frame © is chosen. Then in this frame the electrons are observed to move in 
the y direction only. The contributing component of the vector potential Hadamard function 
is the y-y component, given by: 



where y is the angle between y and ky. Then, the decoherence functional VV|| is 




d^kii 1 


a ^ J {2TiY2uJr, 

n=odd 


dt ( cos kyCe 


Therefore, we obtain 


>Vii ~ 


e2 


OO r j - 

^ (1 + Erfc(^) , 

n=l L - 
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with Qn = n — 1/2. The same approximation we invoked in the perpendicular case can be 
applied here. The result of Eq. is shown in Fig. El which reveals the similar features as 
in the single-plate case. 

In the limit 3> 1 or T 3> a, the dominant contribution to Eq. (EH) comes from the n = 1 
term, and the decoherence functional can be further approximated by 


.A, 2 - 

Wii ~ —TT e —e 


(59) 


which is exponentially small as a/T —> 0. It can be interpreted as the fact that the presence 
of the double-plate boundary may further suppress vacuum fluctuations in the direction 
parallel to the conducting plates as compared with the single-plate case, and thus enhances 
the electron coherence. An interesting feature of the double-plate case can be seen from Fig. El 
that the plot has a rather wide plateau for the small a/T up to the value a/T ~ 1 within 
which no appreciable loss of electron coherence could be observed. It can be understood 
by the fact that when both plates come close to one another, the dominant contribution 
to Eq. m comes from the n = 1 modes. Since their frequencies, uji > tt/o for all ky 
obtained from Eq. (gni), have become sufficiently high due to small a, the contributions of 
those modes are exponentially suppressed as can be seen from the absolute value of the 
integral in Eq. m- This is quite different from the single-plate case. 

Next, in the other limit -C 1 or T -C a, it is straightforward to show that the W|j 
functional now is given by. 


Wii = 







TT^ 


vr Svr 




2 T a 1 3<^ 


-hE(-i)' 


+ • ■ ■ 


2 V IbTT^ 

for ^ 1 


e 2 V ^ 


Er£(y2 


riTT, 


n=l 




(60) 


Then, as a/T 3> 1, we have 


77^4 2^4 


(61) 


The hrst term of the decoherence functional comes from the influence of vacuum fluctuations 
without the boundary, while the second term arises from the presence of the double-plate. 

Some remarks are in place. In the perpendicular conhguration, the correction of the 
decoherence effect in Eq. (EH takes the exponential form for the large a/T. This is due 
to the fact that the double plate geometry provides a length scale 2a, the plate separation. 
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in the z direction, thus introducing this scale into the z-z components of the correlation 
functions. However, in the parallel conhguration, there is no such a length scale in this 
direction. Thus, it ends up with the correction of the form of the power of the ratio a/T in 
the above expression. In addition, for the result of the W|j in either the single-plate or the 
double-plate case, as shown in Figs. Inland El respectively, we observe that >V|| ~ 0 for small 
zq/T or a/T, and then >V|| approaches the value of Wo from below in the region of large 
Zq/T or a/T. Thus, Wy must intersect with Wq at some value of the ratio, and exist a local 
minimum in these cases. 


V. BRIEF DISCUSSION ON FINITE CONDUCTIVITY EFFECT 


The hnite conductivity effect on e 
conducting plates have been discussed 


ectron coherence due to electromagnetic helds near 


22| |. In the interference experiment, when the electron 


moves parallel to the surface of the conducting plate with velocity v, the induced surface 
charge in the conductor is expected to move along with the electron with the same velocity. 
As a result, the electric held inside the conductor in the direction of motion of the electron 
arises, and is to be E oc ev. The induced current then is given by the Ohmic law, J = 
crE, where a is the conductivity of the conductor. The presence of the current inside the 
conductor leads to energy loss due to Joule heating at a rate Pjouiei roughly given by Pjouie cc 
E • J cx (e^/a) with v = |v|. We assume that the electron moves at a distance d from the 
surface of the conducting plate. Then the d-dependence of the Joule energy loss rate Pjouie 
is given in Ref. in the context of classical electrodynamics. 


Ejoule 


1 fe^ 


IbTT \ d y V crd^ 


(62) 


For a resistive plate boundary at room temperature, the effect of Joule heating is found 


to play a key role on electron coherence in the interference experiment 


2g. The observed 


contrast of electron interference fringes decreases due to large energy loss from Ohmic resis¬ 
tance as the electron moves close to the boundary. However, that is a different channel of 
decoherence from what we study. Here we consider electron decoherence due to vacuum fluc¬ 
tuations of electromagnetic helds with the perfectly conducting plate boundary. In contrast, 
when the electron travels parallel to the conducting plate, electron coherence is enhanced 
instead as it gets closer to the boundary since the electric held, responsible for decoherence. 
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is vanishing along the plate surface. It is of interest to estimate the value of conductivity 
a at which the decoherence dynamics due to vacuum fluctuations is not masked by Ohmic 
dissipation. In the typical interference experiment, the electron moves with low velocities, 
and its velocity change is determined by the electric held with an overall factor e/m. The 
mean squared velocity dispersion owing to vacuum huctuations of the helds along the surface 


of the conducting plate is given by 


(An^) = 


1 


\ d J \md) \m/ ’ ^ ^ 

where the parameter d is the distance of the electron to the plate. As long as the Joule energy 
loss during the electron’s hight time T is much smaller than average energy huctuations 
obtained from the velocity huctuations above, the ehect from the hnite conductivity of the 
boundary can be ignored for the large enough conductivity given by: 


a 


TT mvL 

2 d 


10 


20 


10 /im 

d 


10 cm 


-1 


(64) 


lO-'c, 

with the electron’s path length L = vT. This required high conductivity roughly about 
two orders of magnitude larger than that of Copper at room temperature can possibly be 
achieved for metallic material at low temperature. 


VI. SUMMARY AND CONCLUSION 

In the present work, we investigate the inhuence of zero-point huctuations of quantum 
electromagnetic helds in the presence of the perfectly conducting plates on electrons. The 
ehects of modihed vacuum huctuations can be observed through the electron interference 
experiment, and are manifested in the form of the amplitude change and phase shift of the 
interference fringes. Here we hrst of all outline the closed-time-path formalism to describe 
the evolution of the density matrix of the electron and helds. Then, the method of inhuence 
functional is employed by tracing out the helds in the Coulomb gauge from which we hnd 
the evolution of the reduced density matrix of the electron with self-consistent backreaction. 

Under the classical approximation with the prescribed electron’s trajectory dictated by 
an external potential, we hnd that the exponent of the modulus of the inhuence functional 
describes the extent of the amplitude change of the interference contrast, and its phase 
results in an overall shift for the interference pattern. In addition, it is known that the semi- 
classical Langevin equation for considering the stochastic behavior of the particle coupled to 
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quantum fields, involves backreaction dissipation in terms of the retarded Green’s function 
of fields as well as the accompanying stochastic noise with the noise correlation function 
given by its Hadamard function. These two effects are in general linked by the fluctuation- 
dissipation theorem Thus, we may conclude that reduction of coherence is driven by 
held huctuations while the phase shift results from backreaction dissipation through particle 
creation that inhuences the mean trajectory of the electron. 

We evaluate the decoherence functional of the electrons with the boundary on quantum 
electromagnetic helds. The boundary conditions can be imposed by the presence of either 
a single plate or double parallel plates. In each case, the path plane on which the electrons 
travel for the interference experiment can be parallel or perpendicular to the plate(s). It is 
found that the effects of coherence reduction of the electrons by zero-point fluctuations with 
the boundary are strikingly deviated from that without the boundary. Thus, the presence 
of the conducting plate anisotropically modihes electromagnetic vacuum fluctuations that 
in turn influence the decoherence dynamics of the electrons. In particular, as the electrons 
are close to the plate, electron coherence is enhanced in the case where the path plane 
of the electrons is parallel to the plate. It is resulted from the suppression of zero-point 
fluctuations due to the boundary in the direction transverse to the plate. On the other 
hand, the electron coherence is reduced in the perpendicular conhguration where zero-point 
fluctuations are boosted instead along the direction longitudinal to the plate. In addition, in 
the presence of double parallel plates boundary, zero-point fluctuations seems to make the 
electrons more coherent in the parallel conhguration, but less coherent in the perpendicular 
one, as compared with the single-plate boundary. 

Thus, the loss of decoherence of the electrons can be understood from zero-point huctua¬ 
tions of electromagnetic helds given by the Hadamard function of vector potentials. On the 
other hand, the backreaction dissipation through photon emission can inhuence the mean 
trajectory of the electron, and in turn leads to the phase shift on the electron inference 
pattern through the retarded Green’s function. We wish in our future work to address the 
issue of the relation between the amplitude change and phase shift of interference fringes via 
the huctuation-dissipation theorem, which might be testable in the interference experiment. 
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APPENDIX A: THE DECOHERENCE FUNCTIONAL IN THE FEYNMAN 
GAUGE 


The decoherence functional W obtained in the Coulomb gauge can be cast into the 
gauge invariant expression (|23). Here, we illustrate the nature of the gauge invariance by 
explicitly computing the decoherence functional with an alternative gauge hxing. We choose 
the Feynman gauge as an example, and then the Green’s functions of the vector potentia s in 
the presence of the conducting plates can be obtained by the method of the image charge 0 . 

In the following discussion, we assume that path function ({t) is required to be sufficiently 
smooth and an even function of time t. The range of time t extends from —cxo to +oo such 
that, for the motion of the electron to be physically meaningful, the hrst time derivative of 
the path function must vanish at endpoints, that is, C(—cx)) = C(+oo) = 0 in this case. 


1. the single plate 

Consider a conducting plate lying at the z = 0 plane. The W functional, with the help 
of the image method, is given by 


W = 


r r i 


l 2n^n^) 

2 

— Axy — {z — z'Y 

At^ — AXy — {z + Z'Y 


= yy;(o) + ^ 


(Al) 


where = (0, 0, 0,1) is a unit vector normal to the plate. At and Axy denote t — t' and 
x — x', respectively. Apparently, the W functional can be written as the sum of from the 
vacuum fluctuations in the unbounded space and from the contribution of the image 
charge that accounts for the presence of the conducting plate. The term is explicitly 
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given by, 


= 


Svr^ 


dxa (p dx' 


n 


,111' 


e 

J 



UCi JCi 
X 



— /\x\ — [z — z'Y 

dtdt' (1 



'C2 JC2 JCi JC2 
G? k If 7,1c, .('y,, 



V ■ V 


C2 JCil 

ik|| -(xii —x!| f+ifcz 


+ C.C. 


(A2) 


(27r)3 2uj 

where v = d'^/dt and C = Ci — C 2 . We only consider the case that the path plane is 
perpendicular to the plate and denote the decoherence functional as VV_l. The extension to 
the parallel case is straightforward. 

The worldlines of the electrons are chosen to take the form, Ci_2 = (^, 0, zq =t C(^))- 

The Lorentz invariance of the decoherence functional enables us to choose the frame G 
moving along a straight line described by (t, Vxt, 0, zo) dehned in Sec. El Observed from this 
reference frame, the electrons are to move only transversally in the 2 ; direction. Then, the 
term reduces to 

d^k 1 




dtdt' (1 - CCO 




(27r)3 2o^ 

- [dtdt' (1 + CC0 


d^k 1 




(27r)3 2uj 


(A3) 


= 2e" 


dt dt' 


^ sinhC 


(27r)3 2o; 

- [dtdt' cc 


d^k 1 


(27r)3 2uj 

We then perform the integration by parts on the hrst term of Eq. 

d^k 1 


cosKC cosk,C'e^^^'-'''> 


and obtain 


= -26^ 


p' 

1 —^ 
(27r)3 2a; a;^ 


dt ( cos kzC e' 


iLOt 


(A4) 


(AS) 


/ O'! 

Following the similar procedures leads to the W) functional given by. 




8P 


n n 00 

j) dx^ j) dxi, 


V 






n'^n 


— Axm — {z — z' — 2nay 


= -2e" 


d^k 


2ikzZo 

r PI 

1 _ _L 

0 

f dt C cos 



J 


(27r)3 2a; 

Then, putting Eqs. (El and (El together, the VV_l functional becomes 


>Vi = -2e^ 


d^k 


(27r)3 2a; _ 


1 + e 


—2ikzZo 


1 - 


k 


2 1 




dt ( cos(fc 2 ()e 


iujt 


(A6) 


(A7) 


which is of the same form as Eq. dSZD derived in the Coulomb gauge. 
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2. the double-plate 


We now turn to the case with two conducting plates at the z = 0 and z = a planes, 
respectively. The W functional is given by 


W = 


= , 


n n OO 

/7'T* (r\ rJ \ 

1 

7]^'^ + 2n^n^ 

n=-oo 

— Axy — [z — z' — 2nay 

At^ — Axy — (z + z' — 2nay 


(A8) 


in terms of a sum of the contributions from the image charges. The can be written 
explicitly as 


win = 




n p OO 

j) dx^ j) dxiy 


n 


fiiy 



+ 



UCi JCi JCi JCi JCi JC2 JC2 JCi 

“ '■ 1 
X 




— /\x\ — {z — z' — 2naY 

dt dt' (1 — V ■ v') (A9) 

ik||-(xii —Xy)+ifc2:(2:—2:'— 2 na)—t') _j_ Q Q 1 




n=—OD 


(27r)3 2o; 


with the velocity v = d:s./dt and the closed path given by C = Ci — C 2 . The integration over 
kz can be carried out by the identity 


^ ^2ikzna = ^ • (AlO) 


We consider the case that the path plane of the electrons is perpendicular to the plates 
and the worldlines of electrons are described by Ci,2 = (t,Vxt,0, | ± C(^))- We evaluate the 
decoherence functional VV_l in the frame & with zq = a/2. Therefore, the function is 
simplihed to 



2a 


E 


'dtdt‘ (1 - CC') f TA 


dtdt' (1 + CCO 


(27r)2 2uJr, 
f d^kii 1 




(27r)2 2uj„ 
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J J {2ny 2uJn a a 


(All) 
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Taking the integration by parts for the hrst term of the above expression, the functional 
ends up with 

^2 °° 1 


= -V E 


(27r)2 

Following the similar procedures, we come to 

CX) 

dx,, (t dx'^ 


1 - 


, ,2^2 


77 Tf 

dt Ceos— 
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Wf) = " 


87r2 


+ 2 n^n^ 
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- E 


d 2 k|| (-1)^ r ^2^2 
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dt C cos —C e 
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(27r)2 2a;, 

Then, the sum of two contributions give rise to the W_l function of the form: 
2e2 V- r d‘^ku 1 


Wi = 


E 


n=even 


n^TT^ 


. T)7T 

dfCcos—C e*""* 
a 


(27r)2 2LJn I ^nO? 
which is also consistent with the result Eq (iinD in the Coulomb gauge. 


(A12) 


(A13) 


(A14) 


APPENDIX B: TRANSFORMATION OF THE SLOWLY CONVERGENT SUM¬ 
MATION 


Here we outline the method to convert an expression of summation, which turns out to be 
slowly convergent, into another form to carry out the sum much efficiently In general, 
one may express a summation by a contour integral, 

f{z) 


n 

^f{n) = (b dz 

n=l 


o 2 i 7 TZ 


- 1 


Ti 


UrA. 


+ 




I Vi 


dz 


fiz) 


o 2 i 7 rz 


(Bl) 


where the closed path T is chosen to enclose all simple poles at z G in a counterclockwise 
sense, and otherwise quite arbitrary. It proves convenient to express the closed contour T 
with the following 4 segments. 


Ti : z = s — ie , 
T 2 ■ z = oo + is , 
T 3 : z = s + ie, 

T 4 ^ : z = 6 + is , 


S <s < 00 , 
—e<s<e, 

S <s < 00 , 
—e<s<e, 
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where e —O’*" and 0 < <5 < 1. The contour integral can be carried out as follows. 

Since Ti lies just below the real axis, one may expand the denominator of the integrand 
in terms of to ensure convergence of the integral 



f{z) 

^ 2 inz _ ^ 



fjs) 

^2i7vs _ ^ 


oo 


k=l ' 


ds f{s) 


—2mks 


(B2) 


On the contrary, the denominator of the integrand is expanded with respect to as the 
path Ts lies slightly above the real axis as 

fiz) 


dz ■ 




j2i7rz 
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h+i, «"•'* - 1 


^2i7rks 
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(B3) 


The line integral along the path r 2 turns out to be zero 

fiz) 


dz 


'^2 


o2i7rz 


- 1 




o2ins 


- 1 


= 0 


(B4) 


for a regular function f{z). Special care must be taken for the line integral along the path 
r 4 . The value of <5 can be chosen within 0 < 5 < 1, which leads to the same result of the 
contour integral. However, in the limit 5 0, the path may come across a pole at = 0 so 

it must be deformed to avoid the pole. Then, in this case, the path r 4 can be chosen to be 
a semicircle connecting 0 + ie and 0 — ie clockwise, that is, 2 : = ee*^ with —n/2 < 9 < n/2. 
The line integral then becomes 


dz ■ 


f{z) 


A 6 


j 2 i'KZ 


- 1 


= —le 
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Y/(«") = -i/(0). 


Jy. <■- - , 

However, for a non-zero 5, the integral vanishes just as that over the path r 2 , 

f(z) 
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dz 


■^ 2 mz 
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Putting these results together, we have 


' 5—ie 


o2ins 
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(B6) 


Yf{n) = i dZ' 

n=l 


- = -g/(0)3« + 


o2i7rz 


I ^ poo 

dsf{s)+2Y / dsf{ 

k=i 


s) cos{2mks). (B7) 



The third term in the right hand side of the above repression is essentially a Fourier trans¬ 
formation of f{s), which transforms the variable s to variable k roughly related by fc ~ 1/s. 
Thus, when the summation f{n) converges slowly, the summation shown in the right 
hand side of Eq. (IFfI) will be carried out much efficiently. 
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